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1. INTRODUCTION 
A Steiner triple system of order v 2 1 is a set of triples of elements from 
a set A of v elements such that each pair of elements of A is in exactly 
one triple. We denote such a system by S(A). It is easy to see that a 
necessary condition for the existence of a Steiner triple system of order v 
is that v = 1 or 3 (mod 6). (There are trivial systems when v = 1 or 3.) 
The most widely known proof of the sufficiency of this condition, (given 
in Netto’s book “Lehrbuch der Combinatorik” and in Marshall Hall’s 
book, “Combinatorial Theory”) was due to Moore [4] in 1893. For a 
recent direct construction, see [3], and for a comprehensive list of 
references, see [l J. Moore’s method, a recursive one, involves constructing 
a Steiner triple system with a subsystem of order 7 for almost all orders. 
In this note we simplify the proof by avoiding the necessity of constructing 
Steiner triple systems with subsystems of order 7. 
2. CONSTRUCTIONS 
Two constructions used by Moore are also used here: 
First, let S(A) and S(B) be two Steiner triple systems of orders v, and v, , 
respectively. Let S(A) x S(B) denote the Steiner triple system of order 
v1v2 whose triples are 
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Note that, if {ai , aj , arc> E S(A) and {b, , b, , b,} E S(B), then S(A) x S(B) 
includes S({Q , ai , ak}) x S({b, , b, , b,}) as a subsystem. Therefore, if 
there is a system of order v1 >, 3 and one of order v2 > 7, then there is 
one of order vlvz with a subsystem of order 9. 
Second, let S(A’), S(A) and S(B) be three Steiner triple systems of orders 
vg , v2 , and v1 , respectively, with A’ C A, A\A’ = [l, 2 ,..., v, - vJ, and 
v1 > 3. Then there is a Steiner triple system of order v, + v1(v2 - v3) 
whose triples are 
(9 (ai , aj , 4 for all (ai , czj , ulc> E S(A’), 
(ii) h, (aj , bA (ul~ y bJ1 for all (uc , ai , uk} E S(A) with ai E A’, 
a, , uk E A\A’, and for all b, E B, 
(iii) KQ , b,), (uj , b,), (a~ , WI for all (q, Uj, uk} ES(A) with 
ai , uj , uk E A\A’ and for all 6, E B, 
(iv) KG , 0, (uj , bJ, (a, , 41 for all ai, aj , ok: such that 
ui + aj + uk = 0 (mod v2 - v3) and all (b, , b, , b,} E S(B). 
The only values of vs we shall use are 1, 3, and 9, but, of course, V~ 
need not be restricted to these values. 
3. RECURSIVE CONSTRUCTION FOR ALL ORDERS 
First, we need an example of a Steiner triple system of order 13. This 
is provided by the triples 
{x, x + 1, x + 41, ix, x + 2, x + 7) (x = 1, 2 ,...) 13) 
the numbers being taken modulo 13. 
Next we note that systems of order up to 36 may be constructed as 
follows, writing each order in the form V,V, or v3 + Q(Q - v3) to suggest 
the parameters in the constructions described in Section 2: 
1, trival, 3, trivial, 7 = I + 3(3 - l), 9 = 3 x 3, 13 above, 
15 = 1 + 7(3 - l), 19 = 1 + 9(3 - l), 21 = 3 x 7, 
25 = 1 + 3(9 - I), 27 = 3 x 9,31 = 1 + 15(3 - l), 33 = 3 + 3(13 - 3). 
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Systems of higher order may now be constructed recursively in view of 
the following equalities: 
36t + 1 = 1 + 3(12t + 1 - I), 
36t + 3 = 1 + (18t + I)(3 - I), 
36t + 7 = 1 + (6t + 1)(7 - l), 
36t + 9 = 3 + (6t + I)(9 - 3), 
36t + 13, see below, 
36t + 15 = 1 + (18t + 7)(3 - l), 
36t + 19 = I + (6t + 3)(7 - I), 
36t + 21 = 3 + (6t + 3)(9 - 3), 
36t + 25 = 1 + 3(12t + 9 - l), 
36t + 27 = 1 + (18t + 13)(3 - l), 
36t + 31 = 1 + (18t + 15)(3 - l), 
36t + 33 = 3 + 3(12t + 13 - 3). 
Systems of order 36t + 13 may be formed as follows: The number 
36t + 13 may be re-expressed 
36t + 13 = 1 + (3t + 1) 3.22 
= 1 + (3[2’ + 22 + 24 + .+. + 22*-2 + 22r+uo + 3.. + 22’+as] + 1) 3.22 
forsomeintegersr,ol,,ol,,...,cu,,wherer3OandO<ol,<ol,<‘..<a,, 
= 1 + (3x + 1) 3.22r+2, 
where x = 0,2, or 3 (mod 4). Therefore, for some integer n 3 0, 
36t ’ l3 = 
1 + (612 + 1)([3.227+2 + 11 - l), 
or 1 + (18n + 15)([227+3 + l] - 1). 
This provides a construction unless 36t + 13 = 1 + 3.22r+2, in which 
case t = 221-s + a.. + 22 + 20. When r = 2s + 2, s 3 0, we have 
36t + 13 = 36[24s+2 + 24s + 0.. + 2O] + 13 
= 36[245 + 24s-4 + *a* + 20][2” + 201 + 13 
= 3 + (18[24” + 24*-4 + a-. + 2O] + 1)(13 - 3). 
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When r = 2s + 3, s > 0, we have 
36t + 13 = 36[24s+4 + 24s + ..a + 2”] f 13 
= 36([24~+2 + 245-z + *.* + 27[22 + 201 -i- 20) + 13 
= 18[24s + 24s-4 + ... + 2O] 40 f 49 
= 9 + (18[248 + 24s-4 + ... + 2O] + 1)(49 - 9). 
Finally, when r = 1 we have t = 1 and so 36t + 13 = 49 = 7 x 7. 
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